The multi-vector generalization of a rigid, partially-broken N = 2 supersymmetric theory is presented as a rigid limit of a suitable gauged N = 2 supergravity with electric, magnetic charges and antisymmetric tensor fields. This on the one hand generalizes a known result by Ferrara, Girardello and Porrati while on the other hand allows to recover the multi-vector BI models of [4] from N = 2 supergravity as the end-point of a hierarchical limit in which the Planck mass first and then the supersymmetry breaking scale are sent to infinity. We define, in the parent supergravity model, a new symplectic frame in which, in the rigid limit, manifest symplectic invariance is preserved and the electric and magnetic Fayet-Iliopoulos terms are fully originated from the dyonic components of the embedding tensor. The supergravity origin of several features of the resulting rigid supersymmetric theory are then elucidated, such as the presence of a traceless SU(2)-Lie algebra term in the Ward identity and the existence of a central charge in the supersymmetry algebra which manifests itself as a harmless gauge transformation on the gauge vectors of the rigid theory; we show that this effect can be interpreted as a kind of "superspace non-locality" which does not affect the rigid theory on space-time. To set the stage of our analysis we take the opportunity in this paper to provide and prove the relevant identities of the most general dyonic gauging of Special-Kaehler and Quaternionic-Kaehler isometries in a generic N = 2 model, which include the supersymmetry Ward identity, in a fully symplectic-covariant formalism.
Introduction
Much attention has been recently devoted to the Born-Infeld (BI) theory and its multi-vector generalization, in relation to supersymmetric theories. These non-linear theories emerge from a low-energy limit of partially-broken U(1) n rigid N = 2 supersymmetric theory [1] , in which the supersymmetry breaking scale is sent to infinity [2, 3, 4] . This mechanism, as it was originally shown by [5] (APT model), requires the introduction of magnetic Fayet-Iliopoulos (FI) terms besides the electric ones, with the condition that the dual FI terms be not mutually local. On the other hand the rigid, partially-broken N = 2 theory with one vector multiplet of [5] was obtained as a rigid limit of a suitable N = 2 supergravity in [6] . This defines a N = 2 supergravity origin of the one-vector BI theory.
The aim of our investigation is to embed the partially-broken, rigid N = 2 theory of n (abelian) vector multiplets in supergravity. This would elucidate the supergravity origin of the multifield BI theory of [4] and, in particular, to understand the origin of the dyonic FI as deriving from electric and magnetic charges in the supergravity gauged model.
In the original rigid limit devised in [6] , the gauging was electric and partial supersymmetry breaking required the use of a specific choice of symplectic frame in which the prepotential of the special geometry does not exist. More general, partially-broken N = 2 supergravities were constructed in [7] using an analogous choice of symplectic frame. This restriction, which is forced within the framework of standard (i.e. electric) gaugings by some no-go theorems [8, 9] , can be avoided in the context of dyonic gaugings [10, 11, 12, 13, 14] . It was indeed shown in [15] that partial supersymmetry breaking can be achieved in any symplectic frame (and in particular in one in which the prepotential does exist) using an embedding tensor [16, 17, 18] with both electric and magnetic components. Consistency of such gaugings requires the introduction of antisymmetric tensor fields dual to scalars [10, 11, 12, 13, 14] .
General electric-magnetic gaugings of N = 2 supergravity have been constructed in the framework of superconformal calculus in [19] . A generic gauged N = 2 Poincaré supergravity can then be obtained from this analysis by suitably fixing the superconformal symmetry. However a direct construction of the most general electric-magnetic gaugings in N = 2 Poincaré supergravity, using a coordinate independent, manifestly symplectic-covariant description of the special-Kähler manifold, along the lines of [20] , is still missing.
The general form of the gauge-invariant bosonic lagrangian, using the embedding tensor formulation, was given in [12] while specific abelian gaugings were constructed in [10, 11] . 1 In this paper, to set the stage for the construction of the gauged model generalizing that of [6] , we make a step forward in this direction and give, in a self-contained form, all the relevant identities related to the most general gauging of special Kähler and quaternionic Kähler isometries in a generic N = 2 model. Some of these identities are known, other were proven only for electric gaugings [21, 20] or within superconformal calculus [19] . Here we collect them and give for them a compact proof, for generic dyonic gaugings, based on the coordinate-independent, symplectic-covariant description of the local special-geometry and on the general constraints on the embedding tensor. Among these identities, a prominent role in our analysis will be played by the potential Ward-identity [22] [23], which is required by the supersymmetry invariance of the gauged action. It follows from the quadratic constraints on the embedding tensor and a proof of it within N = 2 Poincaré supergravity, for a generic dyonic gauging, has been missing so far. Besides the definition of the rigid limit yielding a partially-broken N = 2 rigid supersymmetric theory of n abelian vector multiplets, the general proof of the Ward-identity for generic dyonic gaugings is a further result of our work. In order to present it in a self-contained fashion, we review in the Appendices the basic definitions and properties related to (local) special Kähler and quaternionic Kähler manifolds.
The starting point of our analysis is then the construction of a suitable dyonic gauging of an N = 2 supergravity coupled to n vector multiplets and to hypermultiplets which allows for the definition of a rigid limit to a multi-vector APT model, thus generalizing [6] . The definition of a rigid limit in a N = 2 supergravity is not unique and is in general a subtle issue [20, 24] : Rescalings of the fields and of the embedding tensor by powers of the ratio µ = M P l /Λ of the Planck mass M P l to the supersymmetry breaking scale Λ have to be devised in order for the original supersymmetries to survive the limit µ → ∞. Defining such a limit is an important part of our analysis.
The supergravity origin of the rigid theory is made manifest through some characteristic results of the limiting procedure: First of all, although they decouple for M P l → ∞, the gravitini and the hyperini (the fermion fields in the hypermultiplets) have a role in defining the general features of the resulting partially-broken rigid supersymmetry: Their supersymmetry transformation laws survive the rigid limit and contribute a non-trivial traceless constant matrix C A B to the scalar potential Ward identity of the final supersymmetric theory:
where V is the scalar potential and λ iA and λ iA ≡ g i λ A are the chiral and anti-chiral components of the gaugini. The constant matrix C A B , which in [6] was put in relation to a central extension of the supersymmetry current algebra, is an essential ingredient in order for the partial supersymmetry breaking to occur in the rigid theory. In [6] it was shown, for a one-vector-multiplet model, that (1.1) originate from the supergravity Ward identity and that partial supersymmetry breaking in the rigid theory can occur even if supersymmetry is completely broken in the hidden sector, consisting of the decoupled gravitational multiplet and hypermultiplets. We show the same feature in our generalized dyonic setting.
Moreover, a direct generalization of the construction in [6] to n vector multiplets leads us to relate the FI terms of the rigid theory partly to (dyonic) components of the embedding tensor, and partly to constants entering the metric of the scalar manifold. As we shall show, by an appropriate (electric) symplectic rotation we can reformulate the theory in a symplectic frame where the supergravity interpretation of the FI terms is more transparent: In this new frame, as opposed to the original one, in performing the rigid limit manifest symplectic invariance (which reduces from Sp(2n + 2) to Sp(2n)) is preserved and the electric and magnetic FI terms of the resulting theory fully originate from the components of the embedding tensor and not from constants entering the geometry of the scalar manifold. More specifically, if we denote by A Λ µ = (A 0 µ , A I µ ), the n + 1 supergravity vector fields, in the new symplectic frame, A 0 µ is consistently identified with the graviphoton while A I µ with the vector fields of the resulting rigid theory. Moreover, denoting by Θ Λ m the components of the embedding tensor which define the gauge generators X Λ in terms of the isometry generators t m of the scalar manifold and by Θ Λ m their magnetic counterparts, consistency of the supergravity gauging requires the following locality condition to be satisfied [10, 11, 12] :
In the rigid limit the electric and magnetic FI terms can be directly identified with Θ I m and Θ I m , respectively, and the gauging is such that
The fact that in the supergravity framework Θ I[m Θ I n] fails to vanish, however, does not imply a failure of locality in the rigid theory on space-time. Indeed it turns out that on space-time the theory is perfectly local, the aforementioned "non-locality" being confined to superspace, thereby posing no obstruction to a correct definition of the vector fields A I µ in the rigid theory which we shall discuss in Section 4. There we will explicitly show an interesting mechanism which is at work in the rigid limit. It is related to the well known property of magnetic gaugings in supergravity that the vector fields A Λ µ corresponding to non-vanishing magnetic components Θ Λm of the embedding tensor, are not well defined since the corresponding field strengths F Λ µν are not covariantly closed [10, 11, 12, 13, 14 ]
B m|µν being antisymmetric tensor fields. This poses no problem because such vector fields, in a vacuum, are "eaten" by the tensor ones B m by virtue of the "anti-Higgs" mechanism [25] . This is the case of the vectors A I µ which are thus not well defined in the chosen supergravity gauging. In the rigid limit however, as we shall show, the antisymmetric tensor fields decouple, thus preventing the anti-Higgs mechanism from taking place, so that the vectors A I µ survive and, at the same time, become well defined. As we shall illustrate in the same Section, the magnetic character of the FI parameters Θ I m in the rigid theory can be also related, besides to their position within the Sp(2n, R)-covariant parameter vector (Θ I m , Θ I m ), to the following feature of the vector field-strengths: While dF I vanish in space-time, they do not vanish in superspace since:
This equation is the superspace counterpart of the fact that on space-time the commutator of two supersymmetries acts on the gauge field A I µ as a harmless gauge transformation, as stressed in reference [26] .
The paper is organized as follows: In Sect. 2 we give the general proof of the Ward identity for a generic electric-magnetic gauging of N = 2 supergravity. We also comment on its rigid limit for the specific gauging to be dealt with in the subsequent sections; In Sect. 3 we give a generalization of the analysis in [6] in order to derive a partially-broken N = 2 rigid supersymmetric theory of n abelian vector multiplets from a gauged N = 2 supergravity with electric and magnetic charges. We also derive the rigid Ward identity from the supergravity one; In Sect. 4 we start from a different symplectic frame in which the supergravity origin of the electric and magnetic FI terms resulting from the rigid limit is more transparent. The issue of non-locality associated with the magnetic FI terms is also discussed; In Sect. 5 the rigid limit is discussed in detail and performed on the supergravity Lagrangian, thus obtaining the multi-vector generalization of the APT model. In Appendix A we review the definition and properties of (local) special Kähler and quaternionic Kähler manifolds, giving for the latter a simple geometric characterization of the momentum maps associated with their isometries in the homogeneous symmetric case. In Appendix B we prove some symplectic-covariant identities related to the general gauging of isometries of local special Kähler manifolds. We also give the computational details of the proof of the Ward identity; In Appendix C we summarize our rescaling prescription for the definition of the rigid limit.
General N = Gauging Identities
The aim of the present section is to give and prove identities which hold for the most general gauging of N = 2 supergravity involving both electric and magnetic charges. These include the Ward identity [22] which is required by the supersymmetry invariance of the gauged Lagrangian. We shall derive these identities, as it was done in N > 2 models (see, for instance, [27, 13] ) from linear and quadratic constraints on the embedding tensor defining the gauge group.
The most general electric-magnetic gauging was considered in N = 2 conformal supergravity in [19] . Here we shall work in Poincaré supergravity using the symplectic covariant description of the special Kähler manifold and generalize the identities given in [20] to electric-magnetic gaugings and the analysis in [10] to non-abelian gauge groups. We believe it is useful to give, in this context, a comprehensive discussion of the identities which are relevant to the most general gauging, some of which are not present in the literature. These results will then be applied, in the later sections, to the very specific electric-magnetic abelian gaugings in which the rigid limit of spontaneously broken N = 2 supergravity is discussed. Some of the new relations presented here require rather technical proofs; the proofs will be explicitly given in Appendix B, leaving in the text only the corresponding results.
We start from an N = 2 supergravity coupled to n vector multiplets and n H hypermultiplets. The scalar sector consists of n complex scalars z i and 4n H hyperscalars q u parametrizing a special Kähler manifold M SK [28, 21, 29] and a quaternionic Kähler manifold M QK [30, 31, 32] , respectively, so that the scalar manifold has the form:
We refer the reader to [20] for a self-contained review of the properties of special Kähler and quaternionic Kähler manifolds. We recall the main concepts in Appendix A.
Some relevant relations of the sigma-model geometry. A special Kähler manifold is locally described by a choice of complex coordinates z i and a section of the flat holomorphic bundle defined on it: 2) in terms of which the Kähler potential reads:
In terms of Ω and K one defines the covariantly holomorphic section V M ≡ e 
where
If {t a } are the infinitesimal generators of G SK and k a = k i a (z)∂ i + kī a (z)∂ī the corresponding Killing vectors satisfying the closure conditions:
equations (2.4) imply:
where f a = ∂ i f k i a and t aN M is the symplectic matrix representation of the generator t a on covariant vectors:
Let us denote by P a (z,z) the momentum map corresponding to k a , defined as follows [21] : 9) and satisfying, under general assumptions on G SK [21] ,
where C c is constant vector in the adjoint of G SK which can be reabsorbed by a redefinition of P c . In what follows we shall make this redefinition: P c − C c → P c . Eqs. (2.9) are solved by (see Appendix A) :
On the other hand, using (2.8) and (2.11) we find:
Contracting the above equation with CV and using the special geometry relations V T CV = i, V T CU i = 0, see Appendix A, we find:
where we have defined t aN M ≡ t aN P C P M = t aM N . Let us now prove the general property [38, 19] :
This property immediately follows by contracting (2.12) with CΩ and using the third of (A.13), i.e. V T CU i = 0, which implies
The geometry of the quaternionic Kähler manifold is briefly reviewed in Appendix A where the general properties of the quaternionic isometries t m and their description in terms of Killing vectors k m and tri-holomorphic momentum maps P x m are recalled.
Symplectically-covariant gaugings of N = 2 supergravity. Let us now consider the gauging of a subgroup G of the isometry group of the scalar manifold. The gauge generators are conveniently written as components of an electric-magnetic vector X M = (X Λ , X Λ ), according to the notation of [12] and expanded in the generators {t a , t m } of the isometry groups of M SK and M QK through the embedding tensor:
The symplectic electric-magnetic duality action of X M is described by the symplectic matrices:
Consistency of the gauging is guaranteed by the following set of linear and quadratic constraints on the embedding tensor:
Conditions (2.18), (2.19) are closure constraints, i.e. are equivalent to
The first two equalities in (2.20) follow from (2.17) and (2.18), (2.19) while the last one has to be imposed independently [12] . We can define gauge Killing vectors and momentum maps as follows:
From the quadratic constraints and Eqs. (2.10) and (A.47) we find the equivariance conditions 2 :
Using the linear constraint (2.17) on the embedding tensor we can prove the following identities:
The proof is presented in Appendix B. From (2.25) it also follows, as shown in Appendix B, that the generalized structure constants X M N P are antisymmetric in the first two indices only if contracted to the right by Θ P : X M N P Θ P = −X N M P Θ P . By virtue of this feature we find:
The identities (2.25) and (2.26) were proven in the electric case in [21] . Here, for the first time, we give a general, compact proof in local special geometry of their generalization to a generic dyonic gauging, showing that they directly follow from the linear constraint on the embedding tensor.
The general Ward identity Consistency of N = 2 supergravity is based on the supersymmetry Ward identity [22] , which is required in order to cancel the terms in the supersymmetry variation of the gauged Lagrangian, which are quadratic in the embedding tensor. It expresses a relation between the fermion shift matrices and the scalar potential V(z,z, q) and has the following form:
where W i AC , N α B , S AB are the supersymmetry shift-matrices of the chiral gaugini λ i , hyperini ζ α and gravitini ψ A respectively,
denotes the term in the supersymmetry transformation rule of the field which is proportional to the embedding tensor. For their definition in the electric case we refer to [21, 20] . In particular S AB also enters the Lagrangian as the gravitino mass matrix whose eigenvalues on a bosonic background are the gravitino masses. Let us now prove the Ward identity [22] for the generic dyonic gauging of N = 2 supergravity. In this case the fermion shifts have to be generalized to the following symplectically-invariant expressions: 4
31)
33)
3 We use the following convention for rising and lowering symplectic indices:
where (σ x ) A C are the standard Pauli matrices. We shall evaluate each term in the left hand side of (2.27) separately in Appendix B. Explicit calculation gives, for the left hand side of the Ward identity, the following decomposition in a singlet and a triplet of SU (2):
is the general symplectic invariant expression of the scalar potential given in [12] as a generalization to dyonic gaugings of the one given in [20] , and
From the equivariance condition (2.24) it follow that Z x = 0, so that the Ward identity is proven.
Abelian gauging of quaternionic isometries. Let us now make contact with the gauging considered in this paper which involves an abelian group of quaternionic isometries. Being only quaternionic isometries gauged, the generalized structure constants vanish: X M N P = 0, so that (2.24) implies:
Using this identity, it is easy to explicitly show that, in this case, the three fermion-shifts all contribute to Z x and that they cancel against one another:
We shall be interested, in what follows, in the limit of a gauged N = 2 supergravity of this kind to a rigid supersymmetric theory of n vector multiplets [1] (rigid limit), along the lines of [6] . We wish here to make few general comments on the rigid limit of the Ward identity (2.27) [5, 6, 43, 37] . This will be in fact a crucial point in our analysis. The Ward identity of an N = 2 (abelian) rigid supersymmetric theory of n vector multiplets is given by the general expression [5, 6, 37] :
N =2 (z,z) is the N = 2 scalar potential in the spontaneously broken rigid theory, which reproduces the APT one in the one-vector case, C B A is a su(2)-traceless matrix,g i is the metric of the rigid special Kähler manifold describing the scalar fields z i in the vector multiplets andW i AC are the gaugini shift-matrices of the rigid theory.
As shown in [5, 6] , partial breaking of rigid supersymmetry is possible only if C B A = 0. This happens in the presence of mutually non-local electric and magnetic Fayet-Iliopoulos terms [5] .
The symplectically-covariant relations (2.38),(2.39),(2.40) allow to clarify the meaning of the matrix C B A by relating the rigid Ward identity (2.41) to the supergravity one (2.27). To this end let us rewrite the supergravity Ward identity in the form:
As we shall illustrate in detail in the next section, all squared fermion-shift matrices in (2.42) survive in the rigid limit in which the Planck mass M P l is sent to infinity. In particular the lefthand-side of (2.42) reproduces that of (2.41), while the constant matrix C B A receives contribution from the terms in N α A N α B , S AC S BC proportional to σ x , which are given in (2.39), (2.40). More specifically we will find that:
where Λ is the supersymmetry-breaking scale. The same hyperini and gravitini shift-matrices also contribute terms proportional to δ A B which affect the form of the scalar potential in the resulting rigid theory. These terms are explicitly computed in (B.14) and (B.15) so that we can identify:
As we shall prove in the next section, in the rigid limit the leading order terms in Θ N n V N are independent of z i ,z i , so that:
Since the fluctuations of q u are suppressed by a factor M −1 P l , see Section 5, in the rigid theory the hyperscalars are non-dynamical, i.e. constants. As a consequence of this, the N = 2 scalar potential of the rigid theory V
is given by the rigid limit of the supergravity potential V modulo an unphysical additive constant. This was already observed in [6] for the particular model considered there.
Generalization of the APT model to n vector multiplets
In this section we present an N = 2 supergravity model which, in the low energy limit, gives rise to a rigid supersymmetric theory corresponding to the generalization of the APT model [5] to a generic number n of vector multiplets. In particular, this procedure admits a well defined limit to many-vector supersymmetric Born-Infeld theory.
The minimal underlying supergravity model, considered here, consists of N = 2 supergravity coupled to n vector multiplets and a single hypermultiplet, whose scalars parametrize the quaternionic manifold
Following the procedure adopted in [6] , let us consider a special geometry symplectic section
(where i are holomorphic-coordinate indices) in a symplectic frame where a holomorphic prepotential exists. Using special coordinates z i = δ i I X I /X 0 , it takes the form:
so that, choosing X 0 = 1:
In particular the Kähler potential becomes
In order to generalize the procedure in [6] to the case of n vector multiplets, we should consider a rigid limit (µ = M P l /Λ → ∞, where M P l denotes the Planck scale and Λ the supersymmetry breaking scale), leading to partial breaking N = 2 → N = 1 in a rigid supersymmetric theory. A crucial point, in the derivation of [6] , was the presence of a linear term (in the holomorphic special coordinate z) in the expansion of the prepotential f (z) in powers of
In the case of many vector multiplets, we shall adopt for the holomorphic prepotential a simple generalization of the above expression which involves a set of n constant parameters η i and has the form
Using the standard formula for the Kähler potential one derives, up to order µ −3
so that 8) whereg i corresponds to the rigid special Kähler metric. Let us note that the rigid special Kähler metric can be derived, in terms of the (rigid) Sp(2n)-symplectic section
from the (rigid) prepotential
whereg i is defined in equation (3.8).
The covariantly holomorphic symplectic section V M ≡ e K/2 Ω M has the following expansion
In this framework, the physical meaning of the constant parameters η i appearing in the symplectic sectionΩ M and in the metricg i of the rigid theory needs to be clarified. We will see in Section 4 that a natural interpretation of η i can be given in supergravity, as charges associated with the gauging procedure, by performing a different choice of symplectic frame. Postponing this issue to next section, let us consider, for the time being, a gauging of two translational isometries in the hypermultiplet sector involving both electric and magnetic charges [10, 11] . This gauging can be described in terms of a (redundant) symplectic vector of gauge generators X M ≡ (X Λ , X Λ ), expressed as linear combinations of the isometry generators t m , m = 1, . . . , dim G, of the quaternionic Kähler manifold through an embedding tensor [18, 12] :
We choose the gauging only to involve two translational isometries t m (m = 1, 2) and the embedding tensor to depend on constant charges e, σ, m i as follows 14) satisfying the locality condition
The embedded Killing vectors k u M = k u Λ , k Λ u are related to the geometrical ones k u m (m = 1, . . . , dim G) generating the isometry group G of M QK by:
The fermion shifts δ
ǫ , entering the supersymmetry transformation laws (2.28)-(2.30) of the fermion fields, are written in terms of the embedding tensor in a symplectic covariant way in (2.31)-(2.33). To obtain their explicit form for the N = 2 gauged supergravity under consideration, we should set k i M = 0, since our gauging does not involve special Kähler isometries. Denoting by ϕ and q ≡ {q 1 , q 2 , q 3 } the four hyper-scalars in the solvable parametrization, the metric of the quaternionic Kähler manifold has the form: 17) and the corresponding vielbein U α A|u reads [6] :
The metric (3.17) is invariant under constant translation of the three axions: q → q + c. We choose to gauge the two translations t n acting on q 2 , q 3 . The quaternionic momentum maps P x m associated with translational isometries have the general form: 5 19) where ω x u denotes the SU (2)-connection on M QK . For the gauging under consideration (3.14) which involves the two traslational isometries t n , the momentum maps can be explicitly computed to be P
with
Later, in Section 4, the two hyperscalars q 2 , q 3 will be dualized into antisymmetric tensor fields B n| µν .
The rigid limit and partial supersymmetry breaking
The partial supersymmetry breaking is recovered considering the limit µ = M P l Λ → ∞. We will follow here the prescription in [6] . Later, in Section 5, we will consider the low energy limit of the Lagrangian starting from a different, µ-dependent, symplectic frame of the supergravity theory where the rigid limit of the symplectic structure is more transparent, and which will require a different rescaling of the physical fields. To explicitly perform the limit on the fermionic shifts (which are written in natural units c = = M P l = 1) we will first reintroduce the appropriate dependence on the Planck scale M P l and on the supersymmetry breaking scale Λ, due to the gauging, in the supergravity expressions. Taking into account that the scale Λ is related to the gravitino mass via Λ 2 = M P l m 3 2 , and that the Special-Kähler sigma-model metric rescales according to (3.8) , the canonically normalized kinetic terms are recovered by the rescaling [6] :
Using the rescaling of eq. (3.22) we find that in the rigid limit the shifts of the fermions read
where we have used the following definitions
As we will see in detail by the analysis of the lagrangian in the rigid limit in Section 5, the hypermultiplets decouple in the rigid theory so that ϕ becomes a constant and δλ iA get the characteristic form of the gaugino shifts in a rigid theory in the presence of electric-magnetic Fayet-Iliopoulos parameters P xM = m ix , e x i . and the momentum maps P xM yield constant Fayet-Iliopoulos (FI) parameters P xM = m ix , e x i . The precis relation between the momentum maps P xM and the FI terms can be directly read from the gaugino shift: 25) where U M i are related to the rigid symplectic sections introduced in (3.9) by
We emphasize here that in this formulation of the rigid limit, the FI terms are expressed not only in terms of the parameters e, σ, m i defining the embedding tensor (the gauging parameters), but also in terms of the parameters η i characterizing the special geometry through the choice of the prepotential (3.6). We shall discuss in the next Section a different formulation in which the FI terms fully descend from the supergravity gauging parameters codified in the embedding tensor.
For the case of one vector multiplet, n = 1, eq. (3.23) reproduces the results of [6] leading to the APT model. 
In the rigid theory, as explained earlier, the hyperscalars are non-dynamical constants. In particular the factor e 2ϕ can be absorbed in a redefinition of the FI terms. For this reason we shall neglect it in the discussion below. Partial supersymmetry breaking [33, 34, 1, 35, 26, 5, 36, 6, 7] in the rigid theory requires δ ǫ λ iA to vanish along a suitable direction in the supersymmetry parameter space. This in turn implies that the 2 × 2 matrix on the left hand side of (2.41) should have, on the vacuum defined by z i 0 ,zī 0 , one zero eigenvalue. As explained in [37] , this condition can be cast in the following symplectic invariant form for the scalar potential: 
and the infra-red dynamics is captured by a multi-filed Born-Infeld action, as shown in [4] . If ξ x = 0, condition (3.27) could only be satisfied if P x M = 0 or at the boundary of the moduli space, in which case the vacuum would preserve the full N = 2 supersymmetry. A non-vanishing matrix C A B , or equivalently ξ x , is therefore a crucial ingredient in order to have partial supersymmetry breaking in the rigid theory, thus evading previously stated no-go theorems [8, 9] .
Notice that partial supersymmetry breaking in the parent supergravity theory is a more stringent condition: On a bosonic Minkowski vacuum it can occur only if the supersymmetry transformations of all the fermionic fields vanish along a same spinorial direction ǫ A . Since the eigenvalues of S AC S BC (which is proportional to N α A N B α ) are: 28) 6 Recall that in the rigid special Kähler geormetry the matrix M is defined by the relation
and is positive definite.
partial supersymmetry breaking in the hidden sector (defined by the gravitational multiplet and the hypermultiplet) can occur only if m i x , e x i in (3.24) are not generic but satisfy the condition:
Therefore for generic m i x , e x i , provided ξ x = 0, we can have partial supersymmetry breaking in the visible sector albeit all sypersymmetry is broken in the hidden one. An analogous phenomenon was observed in [6] in one vector multiplet case.
As a final remark, the same multi-vector, U(1) n -rigid supersymmetric theory could be obtained from an N = 2 supergravity with a more general quaternionic Kähler manifold, including the vast class of manifolds in the image of the c-map [45] . In the latter case, the gauging should involve abelian generators in the universal Heisenberg algebra of isometries of these manifolds [46, 15] .
Interpretation of the constant parameters η i as charges
As we have recalled in the previous Section, partial supersymmetry breaking in rigid supersymmetry crucially requires the quantity ξ x in (3.26) to be different from zero
where e y i , m zi are given by (3.24) . This relation looks like a non-locality condition. However, the choice of embedding tensor (3.14) implies that the locality condition
is satisfied in the rigid theory so that, recalling the definition of the momentum maps P x M = P x m Θ m M , the condition ǫ xyz P yM P zN C MN = 0 is satisfied in the chosen frame. This is not in contradiction with (4.1) since the Fayet-Iliopoulos parameters P x M of the rigid theory are not the simple restriction of the supergravity momentum maps to the Sp(2n, R)-index M, but P x M and P x M are rather related through (3.25), which non-trivially involves the contribution from the index 0 of the symplectic section, keeping memory of the graviphoton. Moreover, as emphasized earlier, Eqs. (3.8) and (3.9) show that the geometry of the rigid theory in the chosen coordinate frame depends in a non-trivial way on the constant parameters η i , also appearing in (4.1) through the charges e y i = e y η i . As we are going to see, the embedding of the theory in supergravity allows to clarify the topological role of all the constant parameters involved in the gauging, showing that the η i required in the special geometry of the rigid theory in order to implement partial supersymmetry breaking (with its BI low-energy limit) can be traded with charges via a symplectic rotation involving a redefinition of the special coordinates in the underlying supergravity theory. Indeed, let us consider the (electric) symplectic transformation in supergravity:
inducing the following rotation in the symplectic section (3.12):
The new holomorphic prepotential isF (X) = F (X). Since the new special coordinatesz i are related to the old ones byz
then the reduced prepotentialf (z) is related to f (z) by (see (3.3)):
. We note that in the new frame the contribution linear inz has disappeared from (4.7) (to be compared with (3.6).). Moreover, after the symplectic rotation, the covariantly holomorphic symplectic sectionsṼ M = e K 2Ω M and U M i = D iṼ M can be written in a generic coordinate frame with holomorphic coordinates ω i and behave, in the rigid limit µ → ∞, as:
(4.8)
whereΩ M ≡ (X I ,F I ) (I = 1, · · · n) denotes the symplectic section or the rigid theory (in special coordinatesX I (ω) = ω i ,F I (ω) = ∂Φ ∂ω i ). We observe that in the new frame the symplectic structure Sp(2n + 2) of the supergravity theory flows in the rigid limit to a manifest Sp(2n) structure. In particular, the 0-directions have a different µ-rescaling with respect to the M-directions. They are then directly associated with the Hodge-bundle of the local special geometry (that is to the graviphoton direction) which is projected-out in the low energy limit. Still, the special-geometry sigma-model metric in supergravity is related to its counterpartg i in the rigid limit by:
while the relations of special geometry imply a low-energy rescaling of the vector-kinetic-matrix N ΛΣ corresponding to the following identification of the matrixN ΛΣ of the rigid theory:
The symplectic transformation (4.3) also acts on the embedding tensor (3.14) as
where we have introduced the tensorΘ m M , whose components in the M directions will define the FI parameters of the rigid theory.
In the new frame the parameters η i play the role of charges, sinceΘ m i = η i e m are the electric charges associated with the vector multiplets andΘ 0m = η i m im are the magnetic charges associated with the graviphoton. Note that in the old frame both of them were zero.
As a consequence, the new embedding tensor (4.12) of the supergravity theory obeys the same locality condition (3.15) as the old one, but now
Furthermore, as already observed, in the new frame the graviphoton is identified with the 0 direction of the vector field strengths, which is not true in the old frame; we will explicitly show this in the next section, see in particular eq. (5.9). Since in the rigid limit the graviphoton decouples from the spectrum, we find that the rigid supersymmetric theory found as low-energy limit of supergravity in the new frame exhibits a non-locality in superspace, which means that, as we are going to discuss in the following, the non-locality only affects the fermionic directions of superspace, while it does not emerge as a non-locality on space-time. This clarifies the meaning of (4.1), as expressing indeed the non locality of the rigid theory, when all the constant parameters needed for the partial breaking of supersymmetry are expressed as electric and magnetic charges in the embedding tensor. In what follows, for the sake of notational simplicity, we shall denote the embedding tensorΘ in the new frame simply by Θ. Let us analyze the effects of the non-locality (4.13), which is intimately related to the supersymmetric structure of the theory:
• Since the superspace non-locality of the rigid theory is related to the non-triviality of the fiber bundle associated with the graviphoton in the rigid limit, the supergravity modes associated with the underlying N = 2 supergravity theory (the gravitini and hyperini, together with their bosonic partners) still freely propagate in the rigid theory (see (3.23)) even if decoupled from the visible sector, as already observed in [6] . This justifies the presence of the SU (2)-Lie algebra valued term C A B in the supersymmetry Ward-identity of the spontaneously broken rigid theory, which is understood as the contribution to the rigid Ward identity from gravitini and hyperini, as explicitly shown in Sect. 2.
• It is known [10, 41, 12, 14] that, in the presence of magnetic charges m Λn in supersymmetric theories, the natural symplectic frame to deal with them is rotated with respect to the purely electric one, allowing for the presence of antisymmetric tensors B n| µν , coupled to the gauge fields A Λ in the combinationsF Λ µν = F Λ µν + 2m Λn B nµν and realizing the so-called anti-Higgs mechanism for the gauge fields. 7 The N = 2 supersymmetric Free Differential Algebra in four dimensions contains in particular, in the case where the antisymmetric tensors dualize scalars in the quaternionic sector 8
where L Λ are the upper-part of the special geometry symplectic sections V M and P x n are functions of the hyperscalars [11] . From (4.14) and (4.15) we get that the closure of the free differential algebra requires
where we have identified m Λn with Θ Λ n . As discussed above, in the low energy limit the hyperscalars are not suppressed but tend to constants, in such a way that Θ M n P x n (q) become constants Θ M n P x n = 0 whose restriction to the non-zero indices Θ M n P x n yield the FI parameters. Then, from eq. (4.16), taking into account the decoupling of the tensor fields, the closure of the supersymmetric free differential algebra gives
As previously discussed this equation is the superspace counterpart of the fact that on spacetime the commutator of two supersymmetries acts on the gauge field A I µ as a gauge transformation proportional to the magnetic FI parameters, as stressed in reference [26] . 9 7 The fermionic shifts, found in [6] and generalized to n vector multiplets in section 3.1 of the present paper, are in fact naturally recovered in the symplectic frame where some of the hyper-scalars are dualized to tensor fields, as one can explicitly check by comparison with Section 3 of [10] , and in particular eqs. (3.13) -(3.15) there. 8 In [23] the index I was used for our index n, to label the quaternionic scalars to be dualized into antisymmetric tensors. Moreover the corresponding field strengths were defined as:
Taking into account that P .15) follows. 9 Recall that, according to (4.12), Θ Im =Θ Im /µ 2 , so that one would expect that the right hand side of (4.17) vanish in the rigid limit. However, in the same limit, the leading component of ψ A along the fermionic directions is M P l dθ A , so that
The rigid limit of the N=2 Lagrangian
In this section we want to recover the rigid limit of the N = 2 supergravity lagrangian corresponding to partial breaking of supersymmetry, and whose gauge structure has been discussed in the previous section.
We will work in the symplectic frame defined in section 4, where the gauging structure of the theory is unveiled and shown to involve the presence of magnetic charges (and where it is not necessary to rely on a particular choice of coordinates in the special-geometry sigma-model). According to this, the natural framework to perform the limit is the version of the lagrangian where some of the scalars of the hypermultiplets are Hodge-dualized to antisymmetric tensors B m|µν [10, 11, 41, 12, 14] . We will then refer to the lagrangian in [11] .
In order to perform the rigid limit, it is convenient to reintroduce in the lagrangian, which is usually written in natural units c = = 1, but with also M P l = 1, the appropriate scale dimensions, as anticipated in Section 3.1. This will be performed in two steps: We will first explicitly write the correct Planck-mass dependence of the physical fields in the supergravity lagrangian and then, after considering the low energy (µ → ∞) behavior of the special-geometry sigma-model sector, we will get the appropriate redefinitions of the physical fields appearing in the rigid supersymmetric theory.
• The canonical scale dimensions of the fields of the theory in natural units c = = 1 are:
while the embedding tensor is dimensionless. Since the scalars z i , q u appear in the theory through non-linear sigma-models, we will keep them dimensionless (that is we will consider
. According with this prescription, the supergravity lagrangian can be organized in terms of Planck-scale powers and reads, up to four fermions terms:
where h uv , A m u , M mn are the components of the quaternionic metric after dualizition of the scalars q m to antisymmetric tensors B m|µν ,F Λ µν := F Λ µν + 2M P l Θ Λm B µνm are the gauge field-strengths undergoing the anti-Higgs mechanism introduced in (4.14) (in our case
For the definition of the mass-matrices we refer to [20] and [11] . We will present their symplectic-covariant generalization, together with their relation with the quantities appearing in the rigid theory, in eqs. (5.14),(5.15),(5.16) below.
• To perform the rigid limit M P l Λ ≡ µ → ∞ of the lagrangian, where Λ denotes the scale of supersymmetry breaking defining the gauging, we should first consider the limit of the kinetic terms for the various fields which should appear in the rigid lagrangian. This will define the relation between supergravity fields and their rigid counterparts. We will generally identify the fields of the rigid supersymmetric theory with an upper ring, to distinguish them from the supergravity fields.
According to the discussion in Section 4, the special-Kähler metric rescales, for µ → ∞, as (4.10), so that the kinetic terms of scalars and spinors in the vector multiplets in the rigid limit read (from (5.3) and (5.5):
This implies that the gaugini and of the rigid theory should be related to their supegravity relatives as:
while the holomorphic scalars should not be rescaled (z i = z i ), so that
Furthermore, the components of the gauge kinetic matrix N ΛΣ rescale as (4.11) so that the gauge kinetic term reads, at low energies:
where we defined I ΛΣ ≡ Im(N ΛΣ ). This implies that no redefinition of the gauge vectors should should be applied: 8) and that the interaction term between F 0 and F I goes to zero in the limit. Given (4.8), (4.9), (4.12) and (5.8), we can then identify the low energy limit of the self-dual components of the graviphoton T − µν and of the matter vectors G −i µν . We find: 10) showing that, in the rigid limit, the gauge-index 0 corresponds to the graviphoton direction, while the gauge-index I to the matter-vectors directions.
The rescalings of the fermion shifts and spinor mass matrices follow from the low energy limit of the symplectic sections and embedding tensor discussed in section 4. They are: 10
14)
Consequently, the scalar potential rescales, for µ → ∞, as V = 1 µ 4V . The various contributions to the lagrangian (5.1), when written in terms of the rescaled fields, read: 21) and it reduces, in the limit µ → ∞, to:
Note that the supergravity lagrangian reduces to an observable sector corresponding to the rigid lagrangian of [5] , undergoing spontaneous breaking to N = 1 supersymmetry, plus an hidden sector, fully decoupled from the observable sector:
where 11
Note that in the low energy limit the space-time metric, the graviphoton, the antisymmetric tensors and the scalars of the hypermultiplet sector, together with their fermionic super partners obey the field equations of free waves not interacting with the rest. In particular, the metric should be chosen as a constant background and the hyperscalars set to constant values.
Conclusions and Outlook
In this paper we have investigated the supergravity origin of a U(1) n , rigid, partially-broken N = 2 supersymmetric theory whose infra-red limit is described by the multi-field BI action of [4] . The high-energy supergravity is characterized by a visible sector described by the n vector multiplets surviving the rigid limit, and by a hidden one consisting of the gravitational multiplet and by a hypermultiplet, which decouple as the Planck mass is sent to infinity. This model also features a dyonic gauging of two translational quaternionic isometries which, for suitable choices of the embedding tensor, allows for a spontaneous partial supersymmetry breaking. In this parent gauged supergravity we have devised a symplectic frame in which the electric and magnetic FI terms of the resulting rigid theory directly descend from the embedding tensor defining the dyonic gauging. The mutual non-locality of the electric and magnetic FI terms, which is essential for the partial breaking of rigid N = 2 supersymmetry, is shown to be related, by the locality condition on the supergravity embedding tensor, to a the simultaneous presence of both electric and magnetic charges for the graviphoton. It would be interesting to extend this analysis to allow for the presence of hypermultiplets in the rigid model. An other direction of further investigation would be the extension of the rigid limit studied in the present work to spontanously broken N > 2 supergravities which could allow to derive from them, in a suitable limit, the multi-field BI theory of [4] .
where C = (C M N ) is the Sp(2(n + 1), R)-invariant matrix;
As in all Kähler manifolds the metric has the form: 4) so that the Kähler 2-form
is closed: dK = 0 so that, in the given patch,
where Q is the U (1) Kähler connection 1-form
The transition functions connecting overlapping coordinate patches U (m) , U (n) on M SK , act on Ω(z) as follows:
where f (m,n) = f (m,n) (z) is a holomorphic function and M (m,n) is a constant Sp(2(n + 1), R) matrix. The corresponding action on K amounts to a Kähler transformation:
We can define a covariantly holomorphic section V (z,z) as follows:
The action of the transition functions on V amount to a constant symplectic transformation combined with a U(1)-phase related to the Kähler transformation:
We define the following U(1)-covariant derivatives on V :
the last equality follows from the definition (A.10) of V and implies that V is covariantly holomorphic. From the definition of V and (A.2) it follows that V T CV = i.
In a special Kähler manifold the section V and its covariant derivative U i need to satisfy the following properties:
(A.13) the last equality being a consequence of V T CV = i.
Using V and its covariant derivatives, we can construct the following matrix:
where e I i are the inverse vielbein matrices g i = n I=Ī=1 e i IēĪ , and N is a holonomy group index. Eqs. (A.13) imply the following property of L [47] :
If we change the complex index N into a real one by means of the Cayley matrix A, thus defining:
Eq. (A.15) expresses the condition that the real matrix L Sp be symplectic since ̟ = ACA † . As a consequence of this also L T Sp is symplectic and this implies an other set of identities which can be cast in the following compact form:
In terms of L we define the following symmetric, negative-definite, symplectic matrix which encodes all information about the coupling of the vector fields to the scalars:
Under an isometry transformation g : z → z ′ in G SK , using (2.4), we find that M transforms linearly:
From the above properties of V and U i we find the following general symplectic covariant relation:
where M M N are the components of M −1 = −LL † . If k a is the Killing vector defining an infinitesimal isometry, invariance of the Kähler form K, ℓ a K = 0, implies: 22) where ι a denotes the contraction of K with k a . The last equation defines the momentum maps and is equivalent to Eqs. (2.9). The Killing vectors satisfy the Poisson-bracket relation:
where the last equality was proven in [21] . Finally let us prove equation (2.11) . To this aim, let us invert the metric in one of eq.s (2.9): 24) and use (A.4). Recalling the general condition on Kähler-manifold isometries ∂ k i a (z) = 0, we find:
This would reproduce (2.11) if C(z) = f (z). To fix the holomorphic function C(z), it is sufficient to consider the holomorphic derivative of (2.6), which implies:
that is, using (2.9):
By inserting now (A.26) in (A.28), one finally finds the identification C(z) = f (z), modulo an additive constant that, as discussed in section 2, can be absorbed in the definition of P a .
Quaternionic Kähler Manifolds
Here we briefly recall the definition of a quaternionic
Kähler manifold 12 M QK [30, 31, 32, 23] and fix the notations. M QK is a 4n H -dimensional real, Riemannian manifold with holonomy group:
where SU(2), together with the group U(1) of Kähler transformations in the holonomy group of M SK , define the U(2) R-symmetry group of the supersymmetry algebra. The positive definite metric is denoted by h uv (q), where q u are the coordinates describing the scalar fields of the hypermultiplets. The action of the SU(2) generators on the tangent space defines three complex structures J xu v , x = 1, 2, 3, satisfying the quaternionic algebra:
In terms of this quaternionic structure, a triplet of hyper-Kähler 2-forms are defined:
The above definition and Eq. (A.30) imply the following relation:
where, as usual, h uv are the components of the inverse metric. One of the defining properties of quaternionic Kähler manifolds is that K x be covariantly constant with respect to the SU(2)-connection ω x :
In terms of the connection 1-forms ω x we define the SU(2)-curvature Ω x :
The other defining property of a quaternionic Kähler manifold is that the hyper-Kähler 2-forms be proportional to the SU(2)-curvature:
where λ is a real coefficient depending on the normalization of the metric. Choosing the standard normalization of the kinetic term for the hyperscalars q u amounts to fixing λ = −1. The above equation is consistent with (A.33) by virtue of the covariant constancy of Ω x :
Property (A.29) implies that we can define the vielbein 1-forms as follows:
where A = 1, 2 is the SU(2)-doublet index labeling the supersymmetries and α = 1, . . . , 2n H labels the fundamental representation of Sp(2n H , R). In this basis the rigid tangent space index u is a composite one u = (A, α) and the rigid metric is η uv = ǫ AB C αβ , where C αβ is the Sp(2n H , R)-invariant matrix, so that:
These 1-forms satisfy the following relations which we shall need in our discussion: 39) where the relative sign between the two terms on the right hand side of last equation is fixed by (A.32). Moreover the vielbein 1-forms are covariantly constant, namely the satisfy the condition:
where ∆ αβ = ∆ βα denote the H ′ ⊂ Sp(2n H , R)-connection 1-forms. The Riemann tensor of a quaternionic manifold has the general form:
R αβ denotes instead the H ′ ⊂ Sp(2n H , R)-curvature, defined in terms of the connection one-form ∆ αβ as follows
Consider now infinitesimal isometries generated by t m , whose action on the scalar fields is described by Killing vectors k m = k u m ∂ u . They close the isometry algebra: 43) and leave the 4-form [21] . This condition amounts to requiring:
where W z n is an SU(2)-compensator. Equation (A.44) is solved by writing the Killing vectors k n in terms of tri-holomorphic momentum maps P x n as follows [21] :
where we have used λ = −1. The above equation was derived in [32] , see also [21] . For those isometries with vanishing compensator, W x n = 0, the momentum maps have the simple expression:
Just has for the special Kähler manifolds, (see equation (A.23)), the momentum maps satisfy Poisson brackets described by the following equivariance condition:
For homogeneous symmetric manifolds k n and P x n can be given a simple geometric characterization. Indeed if M QK has the general form:
where G qk is the isometry group, denoting by g qk and H the Lie algebras of G qk and H, respectively, we can write the Cartan decomposition of g qk into compact and non-compact generators:
The coset space K is generated by a basis of non-compact generators K u , u = 1, . . . , 4n H be the rigid tangent space index. The generators of H split into the generators J x of SU(2) and J αβ = J βα of H ′ , according to the decomposition (A.29). The symmetry property of the manifold implies [K, K] ⊂ H, or, in components:
We can normalize the generators so that the Cartan-Killing form ( , ) of g qk is
The vielbein and connections are, as usual, defined by decomposing the left invariant one-form in components along K and H:
where L is the coset representative in some representation of G qk , so that
From the Maurer-Cartan equations dΓ + Γ ∧ Γ = 0 we can read off the expression for the curvature and the 2-forms K x :
where we have used (A.50) and (A.35) with λ = −1. From this we derive the holonomic components of
We can give the following useful characterization of the Killing vector k n and the momentum map P x n associated with the isometry generator t n ∈ g qk :
We prove below that k n and P x n defined in (A.56) do satisfy (A.45). From (A.55) and (A.52) we find: 2k
Now let us evaluate ∇P x n :
where in the last equality we have used (A.57). Let us now prove (A.46). From basic coset geometry we know that the left action of an isometry on the coset representative L yields L computed in the transformed point, multiplied to the right by a compensator in H. For an infinitesimal isometry this is expressed by the property:
(A.59) where W n ∈ H is the infinitesimal generator of the compensating transformation, which can be expanded as follows Therefore for any t n ∈ Solv we have W n = 0, i.e. 
B Proofs of some symplectically-covariant relations on the gauging
Let us prove here the identities (2.25):
To prove the first one we write (2.13) for the gauge-momentum maps:
Contracting both sides with Ω M we find:
where we have used the linear constraint (2.17) and the symplectic property of the matrices X M N P :
2X (M P )N = −X N M P , (B.4)
being X M N P ≡ X M N Q C QP . Last equality in (B.3) then follows from (2.14).
Let us now prove the second of (B.1)
where we have used the first of (B.1). From (B.1) we can deduce the following relations:
Contracting (2.12) with the embedding tensor we find:
Contracting both sides with V M and using the first of (B.1) we find:
Next we contract both sides with Θ P , where Θ P can be either Θ P a or Θ P n and use the quadratic constraints (2.21) which imply that the generalized structure constants X M N P are antisymmetric in the first two indices only if contracted to the right by Θ P : X M N P Θ P = −X N M P Θ P . By virtue of this feature we find:
The general Ward identity Let us now prove the Ward identity [22] for the generic dyonic gauging of N = 2 supergravity. We shall evaluate each term in the left hand side of (2.27) separately. From the above definitions we find: 
Now use Eqs. (A.21) and the locality constraint (2.20) to write:
so that we finally find:
Let us now move to the evaluation of the square of the hyperini shifts:
where we have used Eq. (A.39). Finally let us compute the square of the gravitini shifts:
(B.15)
We can now compute the left hand side of the Ward identity:
C Rescalings
Let us summarize here the relation between the couplings and fields of the rigid-supersymmetric thery, identified with an upper ring, and the corresponding supergravity fields. We find that the resscaling only affects the vector-multiplet sector, and in particular the gaugini:
the special geometry sector, in a generic coordinate frame:
(C.2)
from which we get, in the limit µ → ∞:
together with the embedding tensor:
